Let R be a graded ring and n ≥ 1 an integer. In this paper, We introduce the notions of Ding n-gr-injective and Ding n-gr-flat modules by using of special finitely presented graded modules . Then, some properties of Ding n-gr-injective and Ding ngr-flat modules are obtained. On n-gr-coherent rings, we investigate the relationships among Ding n-gr-injective and Ding n-gr-flat modules and also, we prove that any graded module in R-gr (resp. gr-R) admits an Ding n-gr-injective (resp. Ding n-gr-flat) cover and preenvelope.
Also for any n ≥ 1, all n-F P -gr-injective and n-gr-flat modules are Ding n-gr-injective and Ding n-gr-flat, respectively.
The paper is organized as follows:
In Sec. 2, some fundamental concepts and some preliminary results are stated.
In Sec. 3, we introduce Ding n-gr-injective modules for an integer n ≥ 1 and then investigate some characterizations of this modules on n-gr-coherent rings. For example, we prove that M is Ding n-gr-injective if and only if there is a left n-F P -gr-injective exact resolution of M , and also, class of Ding n-gr-injective modules is closed under direct summands. In this section, examples are given to show that Ding m-gr-injectivity does not imply Ding n-gr-injectivity for any m > n.
Also, examples are given to show that Ding n-gr-injectivity does not imply gr-injectivity.
In Sec. 4, we introduce Ding n-gr-flat modules for an integer n ≥ 1 and then investigate some characterizations of this modules. For example, we prove that the conditions are equivalent for a graded left (resp. right) R-module M over a left n-gr-coherent ring R: (1) M is Ding n-grinjective (resp. Ding n-gr-flat). (2) There is a left n-F P -gr-injective (resp. right n-gr-flat) exact In Sec. 5, on n-gr-coherent rings, it is shown that the category of Ding n-gr-injective modules is preenveloping (resp. covering) and the category of Ding n-gr-injective modules is covering (resp. preenveloping). Then, we obtain some equivalent characterizations of n-gr-coherent rings in terms of Ding n-gr-injective and Ding n-gr-flat modules.
Preliminaries
Throughout this paper, all rings considered are associative with identity element and the Rmodules are unital. By R-M od and M od-R we will denote the Grothendieck category of all left R-modules and right R-modules, respectively. In this section, some fundamental concepts and notations are stated.
Let n be a non-negative integer and M an left R-module. Then, M is said to be Gorenstein injective (resp., Gorenstein flat) [14, 15] if there is an exact sequence · · · → I 1 → I 0 → I 0 → I 1 → · · · of injective (resp., flat ) left modules with M = ker(I 0 → I 1 ) such that Hom(U, −) (resp., U ⊗ R − ) leaves the sequence exact whenever U is an injective module.
M is said to be n-presented [10, 13] if there is an exact sequence F n → F n−1 → · · · → F 1 → F 0 → M → of left R-modules, where each F i is finitely generated free, and a ring R is called left n-coherent if every n-presented left R-module is (n+1)-presented. M is said to be n-F P -injective [11] if Ext n R (U, M ) = 0 for any n-presented left R-module U . In case n = 1, n-F P -injective modules are nothing but the well-known F P -injective modules. A right module N is called n-flat if Tor R n (U, N ) = 0 for any n-presented left R-module U . M is said to be Gorenstein F P -injective [21] if there is an exact sequence E = · · · −→ E 1 −→ E 0 −→ E 0 −→ E 1 −→ · · · of injective left modules with M = ker(E 0 → E 1 ) such that Hom R (U, E) leaves this sequence exact whenever U is F P -injective. Then, Gao and Wang introduced in [17] , other concept of Gorenstein F P -injective modules. M is said to be Gorenstein
Let G be a multiplicative group with neutral element e. A graded ring R (G-graded) is a ring with identity 1 together with a direct decomposition R = σ∈G R σ (as additive subgroups) such that R σ R τ ⊆ R στ for all σ, τ ∈ G. Thus, Re is a subring of R, 1 ∈ Re and R σ is an Re-bimodule for every σ ∈ G. A graded left (resp. right) R-module is a left (resp. right) R-module M endowed with an internal direct sum decomposition M = σ∈G M σ , where each M σ is a subgroup of the additive group of M such that R σ M τ ⊆ M στ for all σ, τ ∈ G. For any graded left R-modules M and N , set
which is the group of all morphisms from M to N in the category R-gr of all graded left R-modules (gr-R will denote the category of all graded right R-modules). It is well known that R-gr is a Grothendieck category. An R-linear map f : M → N is said to be a graded morphism of degree
a graded abelian group of type G. We will denote by Ext i R−gr and EXT i R the right derived functors of Hom R−gr and HOM R , respectively. Given a graded left R-module M , the graded character module of M is defined as M * := HOM Z (M, Q/Z), where Q is the rational numbers field and Z is the integers ring. It is easy to see that M * = σ∈G Hom Z (M σ −1 , Q/Z).
Let M be a graded right R-module and N a graded left R-module. The abelian group M ⊗ R N may be graded by putting (M ⊗ R N ) σ with σ ∈ G to be the additive subgroup generated by elements x ⊗ y with x ∈ M α and y ∈ N β such that αβ = σ. The object of Z-gr thus defined will be called the graded tensor product of M and N . If M is a graded left R-module and σ ∈ G, then M (σ) is the graded left R-module obtained by putting M (σ) τ = M τ σ for any τ ∈ G. The graded module M (σ) is called the σ-suspension of M . We may regard the σ-suspension as an isomorphism of categories T σ : R − gr → R − gr, given on objects as T σ (M ) = M (σ) for any
The forgetful functor U : R − gr → R − M od associates to M the underlying ungraded Rmodule. This functor has a right adjoint F which associated to M ∈ R − M od the graded R-
The injective objects of R-gr will be called gr-injective modules. Projective (respectively, flat) objects of R-gr will be called Projective (respectively, flat) graded modules because M is grprojective (respectively, gr-flat) if and only if it is a projective (respectively, flat) graded module.
By gr-pd R (M ) and gr-fd R (M ) we will denote the gr-projective and gr-flat dimension of a graded module M, respectively. A graded left (resp. right) module M is said to be Gorenstein gr-injective (resp.Gorenstein gr-flat) [1, 2, 4] if there is an exact sequence · · · → I 1 → I 0 → I 0 → I 1 → · · · of gr-injective (resp. gr-flat ) left (resp. right) modules with M = ker(I 0 → I 1 ) such that Hom R−gr (E, −) (resp. E ⊗ R −) leaves the sequence exact whenever E is a gr-injective Rmodule. A graded left module M is said to be Ding gr-injective [22] if there is an exact sequence · · · → I 1 → I 0 → I 0 → I 1 → · · · of gr-injective left modules with M = ker(I 0 → I 1 ) such that Hom R−gr (E, −) leaves the sequence exact whenever E is a F P -gr-injective R-module.
each F i is finitely generated free R-module, exists. Let K n−1 = Im(F n−1 → F n−2 ) and K n = Im(F n → F n−1 ). Then, the short exact sequence 0 → K n → F n → K n−1 → 0 is called special short exact sequence, where we call the objects K n and K n−1 special gr-generated and special gr-presented R-modules, respectively. Also, a short exact sequence 0 → A → B → C → 0 in R-gr is called special gr-pure, if for every special gr-presented K n−1 , there exists the following exact sequence:
where A is said to be special gr-pure in B. Also, a graded ring R is called left n-gr-coherent if each n-presented module in R-gr is (n + 1)-presented.
Ungraded n-presented modules have been investigated by many authors. For example in [9] ,
In 2018, Tiwei Zhao, Zenghui Gao and Zhaoyong Huang in [33] were investigated that if we similarly use the derived functor EXT 1 to define the F P n -gr-grinjective and F P ∞ -gr-injective modules, then they are just the F P n -injective and F P ∞ -injective objects in the category of graded modules respectively. If L is an n-presented graded left R-module with n ≥ 2, then EXT 1 [33] if Tor n R (N, M ) = 0 for any finitely n-presented graded left R-module N . Based on the above observation, we introduce the following.
3 Ding n-gr-injective modules Definition 3.1. Let R be graded ring and n ≥ 1 an integer. Then, a module M in R-gr is called Ding n-gr-injective if there exists the following exact sequence of n-F P -gr-injective modules in R-gr:
In this paper, gr − I, gr − FI n , D gr−FIn , gr − F , gr − F n and D gr−Fn denote the subcategories of gr-injective, n-F P -gr-injective, Ding n-gr-injective graded left R-modules, gr-flat, n-gr-flat and Ding n-gr-flat graded right R-modules, respectively. Also, the gr-injective envelope of M is denoted by E g (M ).
Remark 3.2. Let R be a graded ring. Then:
(2) Every m-presented module in R-gr is n-presented for any m > n.
(3) D gr−FIn =⇒ D gr−FIm for any m > n. But, Ding m-gr-injective R-modules need not be Ding n-gr-injective, see Example 3.3( (2) and (3)).
A graded ring R of type G is gr-regular if and only if all graded left (right) R-modules finitely presented are projective. Let A is a commutative ring with identity and M an A-module. Then, [7, 8] .
where k is a field of characteristic p > 2. Then, R is not gr-regular, since perfect closure of R is not gr-coherent, see [30] . Let M be a graded R-module. Then by [32, Lemma 3.7] , the exact sequence
So, we deduce that M is 3-F P -gr-injective and consequently by Remark 3.2, every graded module M is Ding 3-gr-injective. We claim that there is
see [6, Corollary 2.2] . If E be a A-vector space with infinite rank, then by [23, Theorem 3.4] , every 2-presented in R-gr is projective. So, every module in R-gr is 2-F P -gr-injective and hence, every module in R-gr is Ding 2-gr-injective. If every module in R-gr is Ding 1-gr-injective, then R is gr-regular, cotradiction.
So, the following short exact sequence of complexes exists:
. . . . . . . . .
by the graded version of [28, Theorem 6.10].
(1) If A and C are Ding n-gr-injective, then so is B.
(2) If A and B are Ding n-gr-injective, then so is C.
The following commutative diagram exists:
(2) If B is Ding n-gr-injective, then by definition and Remark 3.2, there is an exact sequence
The following commutative diagram with exact rows exists:
Corollary 3.6. Let R a left n-gr-coherent ring. Then, for any M in R-gr, following assertions are equivalent:
(1) M is Ding n-gr-injective;
(2) Every gr-pure epimorphic image of M is Ding n-gr-injective;
Ding n-gr-injective.
Proof.
(1) =⇒ (3) follows from definition and Remark 3.2.
(3) =⇒ (1) Corollary 3.5 imply that M is Ding n-gr-injective.
Thus, we deduce that K is n-F P -gr-injective, and hence K is Ding n-F P -gr-injective by Remark 3.2.
Therefore by Corollary 3.5(2), M K is Ding n-gr-injective.
Proposition 3.7. Let R be a graded ring and G a Gorenstein gr-injective in R-gr. Then, with respect to all special short exact sequences in R-gr with modules of finite gr-projective dimension,
let G be Gorenstein gr-injective. Then, the following left resolution of G in R-gr exists: Proof.
(1) By Remark 3.2, every gr-injective is n-F P -gr-injective. So, if G is Gorenstein grinjective in R-gr, then there is the following exact sequence of n-F P -gr-injective modules in R-gr: (1) The category D gr−FIn in R-gr is closed under direct limit.
(2) The category D gr−FIn in R-gr is closed under direct sum and direct product.
(1) Let U ∈ R-gr be an n-presented and let {A i } i∈I be a family of n-F P -gr-injective modules in R-gr. Then by [33, Theorem 3.17] , lim −→ A i is n-F P -gr-injective. So, if {M i } i∈I is a family of Ding n-gr-injective modules in R-gr, then the following n-F P -gr-injective compelex
, induces the following exact sequence of n-F P -gr-injective modules in R-gr: [33, Proposition 3.13] ,
By hypothesis, HOM R (K n−1 , Y i ) is exact, and consequently lim −→ M i is Ding n-gr-injective. (2) By [33, Proposition 3.16 ] and also, similar to proof (1), (2) follows. Proposition 3.10. Let R be a ring graded by a group G.
Then, there exists the following exact sequence of F P -injective left modules : n-F P -gr-injective for any i ≥ 0. Since the functor F is exact, the following exact sequence F(B)(σ) ). By hypothesis, F(B) ) is exact and consequently, the isomorphism HOM R (K n−1 , F (B)) = σ∈G HOM R (K n−1 , F (B)) σ∈G ∼ = Hom R−gr (K n−1 , F(B)(σ)) imply that F (M ) is Ding n-gr-injective.
(2) similar to proof of (1).
Next definition contains some general remarks about resolving classes of graded modules, which will be important in section 5. The symbol gr-I (R) denotes the class of finite injective graded left modules (the graded version of [20, 1.1. Resolving classes]). 
Ding n-gr-flat modules
In this section, frist we are given several specialty of n-gr-flat modules and then by using of Definition 2.1, we introduce the Ding n-gr-flat modules and also some characterizations of them are given. 
(2) Every n-gr-flat module in gr-R is m-gr-flat, for any m ≥ n. (4) ker(F i → F i−1 ) and ker(F i → F i+1 ) are Ding n-gr-flat for any i ≥ 1.
Before of next theorm, we have the following lemmas. (=⇒) If M ∈ R-gr is finitely presented, then there exists an exact sequence F 1 → F 0 → M → 0, where F 0 and F 1 are finitely generated free in R-gr. Then for any graded left R-module N ,
we conclud that M is projective.
Lemma 4.4. Let R a left n-gr-coherent ring. If K n−1 is an special gr-presented with gr-fd R (K n−1 ) < ∞, then gr-pd R (K n−1 ) < ∞.
Proof. If gr-fd R (K n−1 ) = m < ∞, then there exists n-presented graded R-module U such that gr-fd R (U ) ≤ n + m. We show that gr-pd R (U ) ≤ n + m. Since R is an n-gr-coherent, the projective resolution · · · → F n+1 → F n → · · · → F 0 → U → 0 in R-gr, where any F i is finitely generated free, exists. On the other hand, above exact squence is a flat resolution. So, similar to proof of [28, Proposition 8.17] , (n + m − 1)-syzygy is flat in R-gr. Hence, the exact (⇐=) Let M be in gr-R. Then, by hypothesis, the exact sequence 0 → M → L 0 → L 1 → · · · of n-gr-flat modules exists. On the other hand, the exact sequence · · · → P 1 → P 0 → M → 0, where every P i is right gr-projective exists. By Remark 4.5, every P i is n-gr-flat. Therefore, the exact sequence X = · · · → P 1 → P 0 → L 0 → L 1 → · · · of n-gr-flat modules in gr-R exists. Now, we show that K n−1 ⊗ R F is exact for every special gr-presented K n−1 with fd R (K n−1 ) < ∞.
Then we use the induction on m. The case m = 0 is clear. Assume that m ≥ 1. If U ∈ R-gr is n-presented, then there exists an special exact sequence 0 → K n → F n → K n−1 → 0, where F n is projective in R-gr. Now, from the n-gr-coherence of R and [33, Lemma 3.3], we deduce that K n is special gr-presented . Also,
By induction, F n ⊗ R X and K n ⊗ R X are exact, hence K n−1 ⊗ R X is exact by the graded version of [28, Theorem 6.10] . (2) If C and B are Ding n-gr-flat, then so is A.
(1) By Theorem 4.6, a right n-gr-flat exact resolution 0 → A → F 0 → F 1 → · · · of A and a right n-gr-flat exact resolution 0 → C → C 0 → C 1 → · · · of C in gr-R exists. The following commutative diagram exists: 
By
By (1), D is Ding n-gr-flat. Thus by Theorem 4.6, an right n-gr-flat exact resolution of A exists, and hence A is Ding n-gr-flat. (1) M is Ding n-gr-flat;
(2) Every gr-pure submodule of M is Ding n-gr-flat; (3) =⇒ (1) follow from Corollary 4.7(2).
(1) =⇒ (2) Let M be Ding n-gr-flat and K a gr-pure in M . Then, the exact sequence 0 → K → M → M K → 0 is gr-pure. So, if K n−1 is special gr-presented, then Tor R 1 (K n−1 , M K ) = 0 and consequently by [33, Proposition 3.8] , Tor R 1 (K n−1 , M K ) * ∼ = EXT 1 R (K n−1 , ( M K ) * ) = 0. Therefore, the exact sequence 0 → ( M K ) * → M * → K * → 0 is special gr-pure, and hence by [33, Proposition 3.10], we deduce that ( M K ) * is n-F P -gr-injective. By [33, Proposition 3.8], M K is n-gr-flat, and from Corollary 4.7 (2) we have that K is Ding n-gr-flat.
(2) =⇒ (1) Let K be a gr-pure in M . Then, the exact sequence 0 → K → M → M K → 0 is gr-pure. So, it follows that M K is Ding n-gr-flat, since 0 = Tor R 1 (K n−1 , M K ) ∼ = Tor R n (U, M K ) for any special gr-presented K n−1 and any n-presented module U in R-gr, that is M K is n-gr-flat. Hence by Corollary 4.7(1) and (2), (1) is hold. (2) The category D gr−Fn in gr-R is closed under direct sum.
Proof. (1) Let U ∈ R-gr be an n-presented and let {F i } i∈I be a family of n-gr-flat modules in gr-R. Then by [33, Theorem 3.17] , i∈I F i is n-gr-flat. So, if {M i } is a family of Ding n-gr-flat modules in gr-R, then the following n-gr-flat compelex
where M i = ker((F i ) 0 → (F i ) 1 ), induces the following exact sequence of n-gr-flat modules in gr-R:
where i∈I M i = ker( i∈I (F i ) 0 → i∈I (F i ) 1 ). If K n−1 is special gr-presented, then
By hypothesis, K n−1 ⊗ R X i is exact, and consequently i∈I M i is Ding n-gr-flat.
(2) Similar to proof of (1).
We will be used of next definition in section next. The symbol gr-F (R) denotes the class of finite projective graded right modules (the graded version of [20, 1.1. Resolving classes]) . (2) There is an exact sequence · · · → A 1 → A 0 → M → of n-F P -gr-injective modules in R-gr;
(3) M * is Ding n-gr-flat. (2) There is an exact sequence 0 → M → F 0 → F 1 → · · · of n-gr-flat modules in gr-R;
(3) M * is Ding n-gr-injective.
Proof. (1) =⇒ (2) and (2) =⇒ (1) are clear by Theorem 4.6.
(2) =⇒ (3) By [33, Proposition 3.8], (F i ) * is n-gr-injective for any i ≥ 0. So by [28, Lemma 3 .53], there is an exact sequence · · · → (F 1 ) * → (F 0 ) * → M * of n-gr-injective modules in R-gr.
Consequently by Theorem 3.4, M * is Ding n-gr-injective. (1) Every graded module (left and right) is Ding n-gr-injective;
(2) Every Gorenstein gr-flat graded module (left and right) is Ding n-gr-injective;
(3) Every gr-flat graded module (left and right) is Ding n-gr-injective;
(4) Every gr-projective graded module (left and right) is n-F P -gr-injective;
(5) R is two-sided self-n-F P -gr-injective;
(6) Every Ding n-gr-injective graded module (left and right) is Ding n-gr-flat; 
where any N i is n-gr-flat in gr-R and N = ker(N 0 → N 1 ). Then, the split exact sequence 0 → N → N 0 → L → 0 implies that N is n-gr-flat, and hence by [33, Theorem 4.8] , we deduce that R R is n-F P -gr-injective. Similarly, R is right self-n-F P -gr-injective. 
of n-gr-flat modules in R-gr exists, where M = ker(N 0 → N 1 ). Then similar to proof Theorem 4.6(1), (6) follows. If N is an n-F P -gr-injective module in gr-R, then similarly, it follows that every Ding n-gr-injective graded right module is Ding n-gr-flat.
(6) =⇒ (7) is clear by Proposition 3.8. (1) =⇒ (4) Let M ∈ R-gr (resp. M ∈ gr-R) be gr-projective. Then by hypothesis, M is Ding n-F P -gr-injective. So, the following n-F P -gr-injective resolution of M in R-gr exists:
Since M is gr-projective, M is n-F P -gr-injective as a direct summand of A 0 . Theorem A], λ-dim(R ⋉ E) = dim R, where dimR is the Krull dimension of R. We suppose that dim R = n, then (R ⋉ E) is n-gr-coherent. And if we take in [24, Theorem 4.2] n = 1 and B = {0}, we get Hom R (E, E) = R. Then by [16, Corollary 4.37] , (R ⋉ E) is self gr-injective which implies that (R ⋉ E) is a left n-F P -gr-injective module over itself.
Hence R ⋉ E is n-F C graded ring (n-gr-coherent and n-F P -gr-injective). For example, The ring R = K[[X 1 , ..., X n ]] of formal power series in n variables over a field K which is commutative, Gorenstein Noetherian, complete, local ring, with m = (X 1 , ..., X n ) its maximal ideal. We Dually, the notions of F-preenvelopes, F-envelopes and (pre)enveloping are defined.
In this section, frist on left n-gr-coherent ring, we investigat D gr−FIn -covering and D gr−Fnpreenveloping. Then by using of duality pairs and n-gr-coherence R, we examine D gr−FInpreenveloping and D gr−Fn -covering.
Theorem 5.1. Let R a left n-gr-coherent ring. Then
(1) The category D gr−FIn is covering.
(2) The category D gr−Fn is preenveloping.
(1) By proposition 3.9, direct limit of Ding n-gr-injective moduels in R-gr is Ding ngr-injective. Also, by corollary 3.6, the class of Ding n-gr-injective modules in R-gr is closed under pure epimorphic images. So by [12, Theorem 2.6], Every R-module in R-gr has a Ding n-gr-injective cover.
D. Bennis et al. Corollary 5.7 . Let R a left n-gr-coherent ring. Then, the following statements are equivalent:
(1) R R is Ding n-F P -gr-injective;
(2) Every graded module in gr-R has a monic Ding n-gr-flat preenvelope;
(3) Every gr-injective module in gr-R is Ding n-gr-flat;
(4) Every n-F P -gr-injective module in gr-R is Ding n-gr-flat;
(5) Every flat module in R-gr is Ding n-gr-injective;
(6) Every graded module in R-gr has an epic Ding n-gr-injective cover;
(1) =⇒ (2) By Theorem 5.1, every module M in gr-R, has an Ding n-gr-flat preenvelope f : M → F . By Corollary 4.14, R * is Ding n-gr-flat, and so gr−R i∈I R * is Ding n-gr-flat by Proposition 4.11. On the other hand, ( R R) * is a cogenerator in gr-R. Therefore, exact sequence 0 → M g → gr−R i∈I R * exists, and hence homomorphism 0 → F h → gr−R i∈I R * such that hf = g, implies that f is monic.
(2) =⇒ (3) Let E be a gr-injective module in gr-R. Then by (4), homomorphism f : E → F is a monic Ding n-gr-flat preenvelope of E. So, the split exact sequence 0 → E → F → F E → 0 exists, and so E is direct summand of F . Hence by Proposition 4.13, E is Ding n-gr-flat.
(3) =⇒ (1) By (5), R * is Ding n-gr-flat, since R * is gr-injective. So, R is Ding n-gr-injective by Theorem 4.14.
(3) =⇒ (4) Let M be an n-F P -gr-injective module in gr-R . Then by [33, Proposition 3.10], the exact sequence 0 → M → E g (M ) → E g (M ) M → 0 is special gr-pure. Since by (5) , E g (M ) is Ding n-gr-flat, then from Corollary 4.8, we deduce that M is Ding n-gr-flat.
(4) =⇒ (5) Let F be a flat module in R-gr, then F * is gr-injective in gr-R, so F * is Ding n-gr-flat by (6) , and hence F is Ding n-gr-injective, by Theorem 4.14. 
